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PaccMompena eaauMOcensh MtMcdy HeAUHeuHocmhK) u cum- 
Mempueu dunaMuuecKux ModeAeu. Oco6eHHoe enuMaHue ydeAeno 
cyui^ecmeeHHOu (ne UMetoui^eu xapanmepa muaux eosMymenuu) 
HeAUHeuHocmu, Kozda eoo6iu,e ne cymecmeyem AuneuHozo (pona. 
TaKan HeAUHeuHocmb cymecmeeHHO omAUHaemcn om mex hcau- 
HeuHocmeu, Komopue aadatomcn HeAuneuHUMU nonpaenaMU, na- 
AOMceuHUMU Ha HeKomopuu AuneuHuu (fioH. B ueKomopoM cmuc- 
Ae Hauiu udeu HeAnwrncn npodoAMcenueM u paaeumueM nodxo- 
da, noAoofceHHOso EopnoM u HncfieAbdoM e ocHoey ceoeu saek- 
mpoduHaMUKU, a maKMce cxcm o6m,eu meopuu omHocumeAbHO- 
cmu. Oco6eHHO npedcmaeAHwm unmepec a4>4>UHHue cuMMcmpuu 
cmeneHeu ceo6odu u duHaMunecKue ModeAU. PaccMompenu jue- 
xanunecKue zeodeaunecKue ModeAU, sde ynpyzan dunaMuna meAa 
cocpedomoneHa ne e nomeHv^uaAtHou SHepsuu, a ucKAWHumeAt- 
Ho e a(f)cl]UHHO-UHeapuaHmHou KunemuHecKou auepsuu, m.e. e 
a(fi(puHHO-UHeapuaHmHux MempunecKux menaopax na KOH(pmy- 
pav^uoHHOM npocmpaHcmee. B HenomopoM cmucae amo HanoMuna- 
em udew, saKAWueHHyw e eapuav^uoHHOM npuHv^une Monepmwu. 
PaccMompena maKCHce dunaMUKa noAeu AuneuHux 6a3ucoe, uh- 
eapuaHmnaH nod deucmeueM AuneuHou spynnu enympeHHUx cum- 
Mempuu. OKasaAocb, nmo manue ModeAU aemoMamuuecKU UMewm 
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cmpyKmypy o6o6iu,eHHOu Modenu EopHa-HHCpeAbda. 9mom (paKm 
HOAHemcH HoeuM nodmeepotcdenueM udeu, enepeue npedAootcen- 
Hux BopnoM u HH(f)eAbdoM. PaccMompeuHue Modejiu Mosym 6umb 
ucnoAbsoeaHU e meopuu ueAUHeuHou ynpysocmu u e MexanuKe 
peAHmueucmcKux cped co cmpyKmypou. Ohu maKCHce Mozym npu- 
eecmu nac k HeKomopuM aAhmepuamueHUM ModeAsiM e meopuu 
zpa6umau,uu. KpoMe moso cyvj^ecmeyem UHmepecHan eaauMOcenah 
MecHcdy amuMU ModeAHMU u meopueu HeAuueuHux unmezpupye- 
Mux v^enoueK. 

KjiKJHeBbie cjiOBa: HejiHHeiiHOCTb, CHMMeTpna, He nivieioiuHe 
xapaKTepa Majibix BoaMymeHHH mo^gjih, a(J)(J)HHHafl HHsapHaHT- 
HOCTb, HejiHHeiiHOCTb BopHa-HH(J)ejibfla, a4)4)HHHO-TBepflbie Tejia, 
pejiaTHBHCTCKHe cpe;i;bi co CTpyKTypoii, BHyTpeHHHe CTenenn cbo- 
6oflbi. 

1. Be3 HejiHHeHHOCTH HGT :acH3HH. KaK H3BecTH0, Shojiofh- 
necKHe CHCTeMbi pa5oTaiOT b roMeocTaTHHecKHx n,HKjiH^ecKHx pe- 

JKHMaX. OhH npOBOflflT CBOK) >KH3Hb B OKpeCTHOCTHX yCTOHHHBblX 

npHTarHBaiomHX npe;i;ejibHbix ii;hkjiob. 3to bosmojkho Jinnib fljia 
o6b.eKTOB, ynpaBJiaeMbix HejiHHeliHbiMH ^HHaMKHecKHMH CHCTCMa- 

MH 



r;i;e z = l,...,nHX* — nepeivieHHbie, onncbiBaiomHe hx cocToaHne. 



dx^ 
Itt 



X , . . . , X ) , 





Phc. 1 



2 



/J^pyroii, SbiTb MoaceT TpHBHajibHbiii, ho npaKTH^ecKH onenb 
Ba>KHbiH npHMep — sto TenjioBoe pacniHpeHHe Teji. OTTajiKHBaio- 
maa cocTaBJiaioinaa MejKMOJieKyjiapHoro noTeHii;Hajia HivieeT nena- 
paSojiHHecKHH BHfl, o6biHHO c oco6eHHOCTbio B r = 0. 3thm oGtac- 
HaeTca TenjiOBoe pacmnpeHHe: 




Phc. 2 



JlHHeHHbie raMHJibTOHOBbi CHCTeMbi aBJiaiOTca Bnojine HHTerpn- 
pyeMbiMH, H nosTOMy b hhx hgt CT0xacTH3an,HH aneprHH, T.e. hgt 
paBHOMepnoro pacnpe^ejienHa sneprHH no CTenenaM cboGo^m. 

Bee (J)yH;i;aMeHTajibHbie TeopHH nojia HejiHHeHHbi. HeKBa^pa- 
THHHbie ejiaraeMbie b hx jiarpanjKHaHax oSmhho onnebiBaiOT B3a- 
HMOflefleTBHe MejK^iy nojiaiviH. CneTeMbi nojiefi — sjieivieHTbi neKO- 
Toporo jiHHeiiHoro npoeTpaneTBa H. B paMKax jiHneHHbix TeopHii 
nojia ypaBHeHHa enMBOJiHneeKH MoryT 5biTb sanHeanbi b o^Hopo^- 
HOM BH^e 

= (1.2) 

HJiH, Kor;i;a aaflanbi onpe;i;ejieHHbie BHeniHHe neTOHHHKH / (KaK 
HeKOTopbie sjieMeHTbi npoeTpaneTBa H), — b neoflnopo^noM nn^e 

= /, (1.3) 

r^e L — jinneiinbiH onepaTop. 
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KaK npaBHjio, b HaH6ojiee ynoTpe6jiaeMbix HejiHHeiiHbix leopH- 
flx nojifl ypaBHeHHa hmbiot bh^ 

+ 0, (1.4) 

r^e L — jiHHeiiHafl "ocnoBa", a caM HejiHHeiiHbiH onepaTop N flo- 
nojiHHTejibHO 3aBHCHT OT HeKOToporo napaMBTpa e. 3tot napaMeip 
OTBe^aeT aa HejiHiieniiocTb, TaK hto N (0, ^) = 0. OSmhro npe;i;no- 
.rraraeTCfl, "^ito jTHiieiiiiaii saflana, T.e. xa 3a;iaTia, KOTopaa oxBe^aeT 
3HaHeHHio £ = 0, TaK HJiH HHa^e "paapeniHMa", h pemeHHe hcjih- 
HeHHoii MOflejiH npeflCTaBHMO b bh^b CTenennbix pa^OB 

oo 
n=0 

TaKaa npoii;eflypa, ecjin h 34)4)eKTHBHa, to tojibko b tgx cjiynaax, 
Kor;i;a HejinnenHbiH onepaTop N caivi flonycKaeT npeflCTaBJieHne b 
BH^e CTeneHHbix pa^OB, 

oo 

7V(£,*) = ^£-iV„(*). (1.6) 

n=0 

OxnpaBjiaacb ot '^q, KaK ot ^ero-TO "HSBecTHoro", oSbinno nbi- 
TaiOTca "peniHTb" nepapxHio ypaBneHHii ^Jia nojiaraa mar 
aa maroM paBHbiMH nyjiio HJienbi npn cooTBeTCTByioinHX CTene- 
Hax e. OneBHflHO, mto laKaa npon,eflypa flOBOJibHO pncKOBaHHa 
H Hena^eiKHa — nojiy^aromHeca pemenHa hmgiot CHMBOJiH^ecKHii 
BHfl (J)opMajibHbix paflOB, Bonpocbi cxoflHMOCTH KOTopbix K peme- 
HHK) HCxoflHOH sa^aHH TpeSyiOT flonojiHHTejibHoro HCCJie^OBaHna. 
B npHHii;Hne, TaKaa npoii;e^ypa pa6oTaeT ^Jia 3JieKTpoMarHHTHbix 
H cjia6bix BaaHMO^eiicTBHH, ho aanacTyio TepnnT Hey^any npn onn- 

CaHHH CHJIbHblX B3aHM0/ieHCTBHH. 

B .irarpaHJKeBbix xeopnax npHMenaiOT paajiOiKenna 4)yHKn,HH 
JlarpaHJKa 

oo 

£(*,a^) = J]£"£„(*,a*), (1.7) 

n=0 
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r^e fljia n > 2 see cjiaraeMbie >C„ — MHoroHjienbi CTeneHeii Bbime 
HBM 2 (jiHHeiiHafl ocHoea) ot apryMeHTOs (\I/,(9\I/). B TaKHx cjiy- 
TAnx SyflGM roBopHTL., ^iTO HMecT MGCTO iiejTHHeHHOCTb, HMeioinaa 
xapaKTep BOSMymenHH. Bo Bcex ocTajibHbix cjiynaax 6yfleM roBO- 

pHTb O CymeCTBeHHOH HejIHHefiHOCTH (CHJl). 

HMeeTca neMTO HCKyccTBeHHoe h "pyKOTBopnoe" b TaKoro pofla 
HejiHHeHHOCTax, xoTfl cpe^H HHx HMeiOTca H TaKHe, KOTopbie xopo- 
mo (a HHor;i;a h oneHb xopomo) no;i;TBep>Kji;aiOTC5i SKcnepHMGHTaMH. 
TeM He jvienee, cymecTByiOT TaKJKe xopomo onpe;i;ejieHHbie mo^gjih, 
B KOTopbix HejIHHefiHOCTH He HMeiOT xapaKTepa B03Myn];eHHfi. B 

3THX MOflejiaX, MOTHBHpOBaHHblX HeKOTOpblMH HfleaMH CHMMeTpHH 
[1], HeT KaKOH 6bl TO HH SblJIO JIHHeHHOH OCHOBbI, HOpOJKfleHHOH 

KBa;i;paTHHHofi (J)yHKn;HeH JlarpanjKa. npejK;i;e, neivi npncTyHHTb k 
Hx oScyjKfleHHK), JiHHib ji,Jisi cpaBHenna h Jiynmero HOiiHMaiiHa na- 
HOMHHM HeKOTopbie H3BecTHbie xopoHio pa6oTaiOHi;He MO^ejIH, HMe- 
ioin,He xapaKTep BOSMymenHfi. 

2. CncTeMbi c BaaHMO^eftcTBHeM onpe^ejiaromero Ma- 
TepHK) KOMnjieKCHoro nojia KjieHHa-Fop^OHa h onpe^ejia- 
HDmero HSJiyneHHe ajieKTpoMarHHTHoro nojia. ^Jia TaKHx 
CHCTeM jiarpaHJKHan HMeeT cjie^yion^Hfi bh^: 

jC = g^''D;:^D,^,/\i\ - m'm,M - ^g^^g''^F^,F^p^\, (2.1) 

r^e g^i^ — KOBapHanTHbie KOMnoneHTbi MeTpHMecKoro Tenaopa, g 
— onpe^ejiHTejib MaTpHn,bi hx K03c|)c|)Hn,HeHT0B, T.e. g — det[5'^,y], 
Afj^ — KOBeKTop 3JieKTpoMarHHTHoro noTeHn,Hajia, F/^i, — Tenaop 
3JieKTpoMarHHTHoro nojia, 

F,.. = d^A, - d,A^, (2.2) 

H 

D^-^ = 9^* + ieA^-^, (2.3) 

r^e e — nocToaHnaa BsaHMOfleflcTBHa (ajieKTpHHecKHfl aapafl b na- 
TypajibHbix eflHHHn,ax). Jlnnefinbie h KBaflpaTHMHbie cjiaraeMbie no 
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e, oTseHaiomHe aa HejiHHeiiHOCTH ipeTbeii h MeTsepTOH CTeneneii b 
(J)yHKTiHH .JTarpaHJKa L (t.g. KBa^paTH^Hbiii h KySHHecKHii BKjiaflbi 
B nojiGBbie ypaBHeHHa), cooTBeTCTBeimo HMeiOT bh^ 

ieg^'^'A^ - ^9,*) = ^'^'^A^j, = A^f, (2.4) 

e^^'^'^A^A.^^V^. (2.5) 

3. CncTeMbi c BaaHMO^eHCTBHeM onpeflejiaiomero HSJiy- 
Henne nojia MaxcBejiJia h onpe^ejiaiomero cJjepiviHOHHyio 
MaTepHK) nojiH /l^HpaKa. B 3tom cjiynae HMeeM 

- m**v^-^^'^V^F^.i"„;3A^. (3.1) 
Hcnojib3yeMbie 3flecb chmbojiw hmgiot cjieflyiomnii cmmcji: 

• A — KOMnoneHTbi nerojiOHOMHoro nojia penepoB, opiOHop- 
MajibHbix no OTHomeHHK) k MeTpHnecKOMy Tenaopy g. Hx hc- 
nojibsyiOT fljia Toro, HTo6bi ocymecTBHTb onncaHHe b Kpn- 

BOJIHHeHIILIX KOOp;i;HHaTaX H C;ie.rraTb B03M0>KHbIM rJiaflKHH 

nepexofl k HCKpHBjienHOMy npocTpaHCTBy-BpeMeHH, Tax, hto 
gf.ue^Ae^B = Vab, [vab] = diag (1, -1, -1, -1) , (3.2) 

r^e r) — 3to njiocKaa MeipHKa MnnKOBCKoro b R^, a ne b 
npocTpaHCTBe-BpeMeHH. 

• 7"^ — MaTpHn,bi J^mpaKa. Ohh yflOBjieTBopaiOT CBoiicTBy an- 

THKOMMyiaTHBHOCTH 

7V + 7V = 277^^ (3.3) 

H aBJiaiOTca apMHTOBbiMH no OTHomennio k nojiyTopajinnen- 
HOMy apMHTOBy CKajiapnoMy npoHaBe^ennio G nenTpajibHon 
cnrnaTypbi: 

r^.^r^^G^.T^^, [G^.l^ diag (1,1, -1,-1). (3.4) 
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• conpajKeHHbiii 6HcnHHop ^ onpe^ejieH kek 

= "^^Gsr- (3.5) 

• KOBapnaHTHoe flH4)4)epeHn,HpoBaHHe 6HcnHHopoB aaflaeTca 
cooTHomeHHeM 

L>^^' = 9^^' + u;^* (3.6) 

CO CBfl3HOCTbIO 

— -^^KL/x = —-^LKti = -VKM^^ L/x (3.7) 

a Ln onpeflejiaeTca c noMombio neKOTopoii g'-CBfl3H0CTH 
PHMana-KapTana xax 

r'^/six = e%r^s^e^^ + e^Ae^/3,ix, (3.8) 

TaK HTO 

V[T]g = 0, (3.9) 

H e'^a — KOMnOHGHTbl flBOHCTBeHHOH KOTeTpaflbl, 

e^e^B = 5^B. (3.10) 

• JlarpaiiJKHaii KvSHneii no nojieBUM nepeivieHHbiM, nojieBbie 
ypaBHeHHa KBa^paTHHHbi no (A,\I/). 

B paccMOTpennbix npnMepax MeTpHMecKnii Tenaop 5biJi (J)hkch- 
poBainioii a6cojnoTHOM Bejinnnnoii. 3to cbo^ht rpynny CHMMeTpnii 
K rpynne HaoMeTpnii, T.e. npeoSpaaoBanHii, coxpanaiomnx g. H3 

4)HKCHpOBaHHOCTH MBTpHKH Q CJieflyCT, MTO HejIHHeHHOCTb MOflCJIH, 

nycTb p^ame n CHJibnaa, ne aBJiaeTca onenb cyn^ecTBeHHOfi. Hpn- 
HHHa SToro cocTOHT B TOM, HTO MCTpHKa g, Heo6xoflHMaa j^jisi no- 
CTpoenna CKajiapnbix njiOTHOCTeii h3 flnnaMnnecKHX nepeMennbix 
H Hx npoH3BOflHbix, caMa no ce6e abjiaeica BnemnnM ajieMeniOM, 
4)HKCHpoBaHHbiM pa3 H HaBcerfla. 
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4. FpaBHTauiHOHHaH Teopna xax cymecTBeHHO HejiHHeft- 
Haa MO^ejib. CHTyan,Ha nojiHOCTbio MeHneTCfl, Kor/ia Mbi pac- 
CMaTpHBaeM MeTpmecKHii Teiisop KaK flHnaMHHecKyio BejiHHHHy, 
onncbiBaiomyio rpaBHTaii,HOHHoe nojie. Tenepb Sojibine hgt o6t>- 
eKTa, 3a4)HKCHpoBaHHoro H3BHe, Bce ^ojiiKHO 6biTb nocTpoeno h3 
MBTpHKH g, H H3-3a 3Toro TeopHfl CTaHOBHTca HejiHHeHHOH HO cy- 
mecTBv, a ne sa cmbt Majibix BOSMymennH [2, 3]. 

Aiia.rrHTHMecKH MeTpHT^ecKHH TGHSop npe;i,CTaBJTeii chmmbtphh- 

HblM MeTpHHeCKHM nOJIGM Q^u (x") , 3aBHC5IIIi;HM OT npOCTpaHCTBGH- 

HO-BpeivieHHbix KOop^HHaT. HepBaa, onenb nanBHaa H^ea nocTpo- 

HTb H3 MBTpHKH Q^j^i, H 66 npOH3BOflHbIX H6KOTOpyiO, CBo6oflHyiO OT 
HHfl6KC0B B6JIHMHHy, M0JK6T Bbirjiafl6Tb CJI6flyiOmHM o6pa30M: 



O^HaKO Ha o6iii;eM, ne o5jiaj],aTOUJ,eM CTpyKTypoii MHorooSpaaHH 3to 
BbipajKerme Sy^iex nojiHOCTbio .rrHineHO CMbicjia. 3Ta B6JiHMHHa h6 
aBJiaexca CKajiapoM, TaKJKe KaK h B6JiHHHHa 



H6 aBJia6Tca CKajiapnofl njiOTHOCTbio. 3HHmT6HH, 5y;i;yHH mothbh- 

pOBaH XOpOniHMH 4)H3HH6CKHMH H^6aMH, npOBejI, TBM HB MBHee, 

MHoro JieT, 6opacb c npoSjieiviaMH, noflo6HbiMH flanHoii. ToHHoe pe- 
meHHe 6bijT0 Haii,T,eHO FHjibSepTOM, xoTopbiii onHpajica na CBoe rjiy- 
SoKoe noHHMaHHe MaieMaTHKH h pHManoBoii reoMeipHH. 

ToHHee roBopa, npoii;eflypa TaKOBa: MeTpHnecKHfi TeH3op g no- 

pOiK^aeT CBa3H0CTb JleBH-HHBHTa 



CorjiacHO CTan/xapTHOH npone/iype, na ee ocHOBe BOSHHKaiOT cjie- 
flyiomne npoMeacyTO^Hbie o6T3eKTbi: TeH3op pHManoBoii KpHBH3Hbi 



(4.1) 




(4.2) 




(4.3) 
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R°'f3tiu, TGHSOp PhHHH R^,y = R" ^au H, HaKOHeU,, CKajIflpHaa KPHBH3- 

Ha i? = g'^'^R^iy. Hocjie btofo ctpoht CKajiflpnyio njiOTHOCTb Beca 
o;i;hh — BejiHHHHy 

R.M- (4-4) 

3Ta BejiHHHHa saBHCHT KBaflpaTHHHbiM o5pa30M OT nepBbix npona- 
Bo;],Hbix. CjiaraeMbie b (1 4.2p h (1 4AL co;],ep>KamHe BTopbie npona- 
BOflHbie, OTjiHHaiOTCfl Ha nojinyio flHBepreHn,Hio. 3Ta ^HBepreHn,Ha 
He aBJiaeTca CKajiapnoH njiOTHOCTbio, no ona ne CKasbiBaeTca na 
ypaBHennax nojia. BajKHoe nojiojKeHHe coctoht b tom, hto b bm- 
pajKCHHax (1 4.21) h (1 4.41) fljia CBepTKH hh^^gkcob hg ncnojibsyiOTca 
HHKaKHe "ne-flHHaMHHecKHe" BejiHHHHbi. Ha-aa btofo noaBjiaiOT- 
ca ^Ba BajKHbix CBoflcTBa: JiarpanacHaH h peayjibTHpyiomHe ypaB- 
HeHHa nojia oSmeKOBapaaHTHbi, T.e. HHBapaaHTHbi no^ ^eacTBHeM 
Bcefi rpynnbi 

DiffM C BijM (4.5) 

flH4)4)eoMop4)H3MOB npocTpaHCTBeHHO-BpeMeHHoro MHorooSpaaaa 
M Ha ce5a. 3Ta Kpaane BbicoKaa CHMMeTpaa a oaenb cajibnaa 
HejiHReanocTb, ne npoacxoflamaa as BOSMymenaa, cooTBOcaTca 
;i;pyr c ;;pyroM [2,3]. 

5. Mo^ejib 3HHmTeHHa-KapTaHa. Ctoht saivieTHTb, mto 
3flecb flonycTHMO npocTpaHCTBenHO-BpeMenHoe MHorooGpaaae c 
KpyaeaaeM, ajia Toaaee, aeT aeo5xoflaMOCTa acaojibaoaaTb caaa- 
aocTb Jleaa-HaaaTa. KaK pas aaoSopoT, b ;],aaabix ycjioaaax ^,ocT^t- 
Toaao ecTecTBeaabiM 5yfleT acaojibaoaaaae MO^ejia SiianiTeaaa- 
KapTaaa. Tor;i;a a(J)(|)aHHaa CBaaaocTb T OKasbiBaeTca MeTpaae- 

CKOli 

V^f7«/3 = 0, (5.1) 
ao aeoSaaaTejibao caMMeTpaaaoa, T.e. Kpyaeaae 
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He o6a3aHO o6pamaTbCfl b nyjib. Mojkho noKaaaTb, mto 

BbiHHCJiaa CKajiapnyio KpHBHsny R 3toh CBaanocTH, nojiyHHM 
jiarpaHJKHan MO^ejiH BfinniTeHHa-KapTaHa 

Lec = R[9,T] ./lil (5.4) 

r^e Bce HH,T,eKCbi Tensopa CBepnyTbi, no^naTbi hjih onymenbi c no- 

MOmbK) MCTpHKH Q. TeH30pHyiO BejIHHHHy K oSblHHO HaSblBaiOT 
TeH30pOM KOHTOpCHH. OHeBHflHO MOflCJIb TaKJKB 06meK0BapHaHTHa 

H cymecTBeHHO HejiHHeiiHa (CHJl), Tax xax HHKaKne 4)HKCHpoBaH- 
Hbie ^jonojTHHTejibHbie oSijeKTbi iie noaBJiaiOTca b Leg- 

HyjKHO Bbi,T,e.rrHTb cjie^yiOTHHH MOMeHT. "IlapasHTHbie" c.rrarae- 
Mbie B jiarpaHJKHane, coflepjKameM BTopbie npoHSBO^Hbie ot nojie- 
Bbix nepeMeHHbix, MoryT 6biTb y^ajieHbi HHBapHanTHbiM o6pa30M, 
ecjiH B KanecTBe 4)yHflaMeHTajibHbix BejiHHHH bmbcto MeTpHnecKoro 
Teii3opa Hcnojib30BaTb nojie TCTpafl (nojie jTHHeiiHbix 6a3HCOB) na 
npocTpancTBeHHO-BpeMeiiiiOM Miioroo6pa3HH M. MejK^y npoHHM, 

3T0 Heo6xOflHMO, GCJIH Mbl XOTHM BKJIIO^HTb B o6mepejiaTHBHCTCKHe 

paMKH cnHHopHbie nojia, i.e. 4)epMHOHHyio MaTepHio. H 0Ka3biBa- 
eTca, HTO BCJie^CTBHe 3Toro noaBJiaiOTca neKOTopbie noBbie H^en, 
KacaiomHeca CBa3H Me»c;iy cymecTBeiiiiOH iiejiHiieHiiocTbio h Hima- 
pnaHTiiocTbio. B to ace BpeMa, Taxaa 3a;ia^ia HMeeT mhofo oSmero 
c pejiHTHBHCTCKoii MexaHHKOH cnjioniHoii cpe/iM. 

6. MeTO^ TeTpa^Horo nojia [4,5]. HycTb M — n-Mepnoe 
"npocTpancTBeHHO-BpeMeHHoe" MHoroo6pa3He. Cnen,HajibHoe 3Ha- 
HCHHe 4)H3HMecKOH pa3MepH0CTH u — 4: 3flecb HecymecTBeHHO. 
HpeflnojioiKHM, hto MHoroo5pa3He M napajiJiejiH3yeM0, T.e. ^o- 
nycKaeT rjia^Koe nojie jiHHefiHbix 6a3HCOB (nerojiOHOMHbix CHCTeM 
KOop;i;HHaT) . 

FjiaBKbiH paccjioeHHbiH nynoK jinneftHbix 6a3HCOB 6yfleT 060- 
3HaMeH FM. OMeBH^HO, hto oh npeflCTaBjiaeT co6oh MHoroo6pa3He 
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pa3MepH0CTH n{n+l). HycTb e — {. . . , e^, ■ ■ ■) o6o3HaHaeT nojie jih- 
HeiiHbix 6a3HCOB, T.e. ce^ienHe FM na^ M. ^BoiicTBeHHoe nojie ko- 
SasHCOB 5y;i;eM oSoaHanaTb cjieflviomHM oSpaaoM: e = (. . . , e"^, . . .) . 
EcjiH HGT onacHOCTH, MTO MoryT B03HHKHyTb KaKHG-TO Heflopa3y- 
MeHHa, Mbi He 6y^eM pa3JiHHaTb no HanncaHHio BejiHHHHbi e h e 
H 6yfleM npocTO Hcnojib30BaTb anajiHTHHecKHe chmbojibi e^A., ^^n, 

(e^,eB> = eVB = ^%- (6-1) 

Hojie e nopojK;i;aeT Tejienapajijiejibnyio CB5i3HOCTb Ftdfe], KOTopaa 
onpe;i;ejieHa eflHHCTBeiiiibiM o6pa30M tgm ycjiOBneivi, hto Bce ca (h 
aBTOMaiH^ecKH — e"^) napajiJiejibHbi, 

VeA = 0, Ve^ = 0. (6.2) 

HeipyflHO noKa3aTb, hto 

rtei[e]\. = e\e^^,,. (6.3) 

3Ta CBa3H0CTb HMeeT oSpamaiomyioca b nyjib KpHBH3Hy, ho ee Kpy- 
Henne b o6meM cjiyHae nenyjieBoe. Ona Hcnojib3yeTca b neKOTopbix 
3a;i;aHax TeopHH ^HCJiOKaii;HH. napajiJiejibHbiii nepenoc b CMbicjie 
Ftcje] OHeBH;i;HO ne 3aBHCHT ot nyTH. llapajiJiejibHbiH nepenoc neKO- 
Toporo BeKTopa u n3 TonKn a G M b TOHKy b ^ M coctoht b tom, 
HTO B TOMKe 6 6epyT BeKTop V e 7&M, KOTopbiii b jioKajibHO nero- 
jiOHOMHOM 6a3Hce HMeeT Te me KOMnonenTbi, hto h u, 

u = x'^CAia), V = x^eA{b). (6.4) 

06cy>KflaeMbie nnjKe Teipaflnbie Meioflbi, KaK yjKe roBopnjiocb, 

HeoSxO/IHMbI ,T,JTa 06TTiepejTaTHBHCTCK0H TeopHH CHHHOpOB. H KpoMe 

Toro, Hx MO>Kno paccMaTpHBaxb KaK MO^ejib pe.rraTHBHCTCKoro koh- 
TnnyyMa c MnKpocxpyKxypon. MeTpnnecKHH Ten3op b stom onnca- 
HHH ne aBjiaexca nepBHHHOH c|)H3HHecK0H BejiHHHHoii, noTOMy hto 
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OH nojiynaeTca KaK npoMexcyTOHHaa BejiHHHHa h3 nojia jiHHeiiHbix 
6a3HCOB e, 

g = VABe^ ® e^, T.e. g^u = VAse'^^e^u, (6.5) 

r;i;e r) — nocToaHHaa MeipHKa MnHKOBCKoro b M". TeM caMbiM Saanc 
e aBTOMaTH^ecKH ?7-opTOHopMajieH, 

g (ca, es) = g^.^e'^Ae'^B = Vab- (6.6) 

Fpynna GL(n, M), T.e. CTpyKTypnafl rpynna FM, fleiicTByeT ecTe- 
CTBeHHbiM o5pa30M Ha FM h F*M. 3to osHanaeT, hto na mhofo- 
oSpaanax 5a3HCOB h KO-5a3HCOB ^Jia L G GL(n, M) HMeeivi 

FM3e={...,eA,...) ^ eL =(..., e^L^A, ...) , (6.7) 
F*M 3e = {...,e^,...) ^ eL =(..., L'^V^, ...) • (6.8) 

CooTBeTCTBHe e i— > (^[e] aBjiaeTca jiOKajibHO-HHBapHaHTHbiM no^ 
^eiicTBHeM (1 6.7p . T.e. L MomeT aaBHceTb ot tohkh npHjiojKenHa 
e. CooTBexcTBHe jKe e i— > S'[e] — rjioSajibHO HHBapnaHTHO, T.e. 
HHBapnaHTHO no^i; fleflcTBHeivi nocToaHHofi L, neaaBHCHMOH ot x'^. 
JlarpaHJKHan FajibSepTa MO>KeT SbiTb BbipajKen aepea e. Bbe^eM 
TaK HasbiBaeMbie HHBapHanTbi BeHitenSoKa (Weitzenbock) 

Ji = g.ag'VS'jkS\,, J2 = g''S\,S\,, J3 = g''S\,S\,. (6.9) 

Ohh KBaflpaTHHHbi no npoH3Bo;i;HbiM e (noTOMy hto S jiHHeiiHO no 
de). Hocjie neKOTopbix Bbinncjiennn mojkho noKaaaTb, hto Jiarpan- 
jKnan FnjibGepTa MOJKeT 5biTb BbipajKen KaK 

R[g]^Ai\ = (Ji + 2^2 - 4J3) + 4Vi [S\,g''^/\i\) . (6.10) 

Ho CBaanocTb JleBn-HnBHTa CHMMeTpnHna, a nocjie^nee Bbipa»ce- 
nne — KOBapnaHTnaa flHBepreHn,Ha neKOTopoii BeKTopnoii hjiotho- 
CTH Beca oflHH. HosTOMy 3Ta BejiHHHHa — o6biHHaa flHBepreHn,Ha, 
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H ee MOJKHO OTSpocHTb 6e3 H3MeHeHHa ypaBHeHHH ^BHJKeHHH. Mo- 
flH4)Hn,HpoBaHHbiH jiarpaH>KHaH EnjibGepTa npHHHMaeT bh^ 

L' (e, 9e) = ( Ji + 2 J2 - 4J3) v^. (6.11) 

Bbipa>KeHHa (1 6.91) rjio6ajibHO nHBapnaHTHbi OTHOCHTejibHO f l 6.7\\ . a 
cooTHomeHHe (1 6.1ip jiOKajibHO HHBapnaHTHO no MOflyjiio necyme- 
CTBeHHbix flHBepreHTHbix nonpaBOK. H OHeBH;i;HO, hto BbipajKeHna 
fl 6.91) . (| 6.111) TaKJKe o6iii;eKOBapHaHTHbi, T.e. DiffM-HHBapnaHTHbi, 
B TO^HOCTH, KaK THjibSepTOB jiarpaH>KHaH. H Tenepb BOSHHKaeT bo- 
npoc: noHCMy ne flonycTHTb b (I G.lip . T.e. b L', neKOTopbie 5ojiee 
oSiuHe cooTHomeHHa Mempj K03(|)(|)Hii;HeHTaMH, neacejiH nacTHoe 
OTHomeHHe 1:2: (—4) [4-9]? TaKaa aaMena ne napymaeT oSmeii 
KOBapnaHTHOCTH. BepHO to, hto corjiacno (1 6.7p ona napymaeT Jio- 
KajibHyio HHBapHaHTHOCTb nofl ^eacTBHeM GL(?t,,M). Ho rjio6ajib- 
naa HHBapaaHTHOCTb no^ ^eiicTBHeM BHyTpeHHeii rpynnbi Jlopen- 
ii;a 0{n,ri) ocTaeTca cnpaBe;i;jiHBOH. HivieiOTca neKOTopbie npasHa- 

KH TOrO, HTO TaKHe MOflH(J)HIi;HpOBaHHbie Mo;i;ejiH >KH3Hecnoco6Hbi. 

OGmaa KOBapaaHTHOCTb ropa3;i;o 6ojiee BajKHa, TaK hto, Gbitb mo- 
>KeT, npHHaTHe npe^nojioaceHaa o nea, oanaaaiomee Taxace OTKaa 
OT jiOKajibBoa aaBapaaHTHOCTa ao^ fleiicTBaeM BayTpeaaea rpya- 
abi 0(n, 77) C GL(n, M), ^ejiaeT yaop aa apaaaTaa BMecTO SToro 
apeflaojiojKeaaa 06 aaBapaaaTBOCTB ao^i; fleacTBaeivi rjioSajibaoa 
rpyaabi GL(n, M), b to Bpeivia KaK JiOKajibaaa aaBapaaaTaocTb, 
oaeaa^ao, aeB03M0>Kaa. XoTa n,ejiaa GL(?t,,M), ^eacTayioataa KaK 
f l 6.71) . oaacbiaaeT ocaoaabie CBoacTaa reoMeTpaa CTeaeaea cbo6o- 
^bi B FM [4-9]. 

7. Mo^ejiH THna Bopna-Hntjiejibfla. Cjie^ya a flajibiae 
3TaM ayTCM, mm aaa^eM ^obojibbo BeojKa;i;aBByK) a aoByro MOTBBa- 
poBKy fljia oneab aaTepecabix KJiaccoB o5o5ia;eBBbix MO^ejiea Taaa 
Bopaa-Ha4)ejibfla. Ha caMOM ^ejie, apocTeamaii Kjiacc MO^ejiea, 
o6a],eKOBapaaaTabix a rjioSajibao aaaapaaaTabix ao^ ^eacTBaeivi 
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GL(?2, M) HMeeT cjie^yiomHii bh^ 

L = ^|det (7.1) 

r;i;e L^j,, T.e. KOMnoHeHTbi TaK naabiBaeMoro Tenaopa JlarpanjKa, 
3a;i;aHbi KaK 

L^v = AS'^ p^S^ au + BS°'aiMS^f3,y + CS^ paS" ^y, (7.2) 

r^e A, C — neKOTopbie nocTOflHHbie [9]. 

3to nanSojiee oSmHii Tenaop, nocTpoenHbiii KaK KBa^paTH^- 
Haa 4)yHKii;H5i ot npoHSBO^Hbix de BCKTopa e nocpe^CTBOM KBa^i;- 

paTHHHOH SaBHCHMOCTH OT BejIHHHHbl S, H, B TO JKG BpGMa, nO- 

CTpoeHHbiH H3 HOJia 6 coFJiacHO o5iii;eKOBapHaHTHOMy npaBHJiy b M 

H aMOp(J)HbIM, GL(n, M)-HHBapHaHTHbIM Cn0C060M BO BHyipeHHeM 

npocTpancTBe M". 

Ero CHMMeTpH^naa nacTb, T.e. K0M6HHan,Ha nepBbix ^Byx cjia- 
raeMbix 

Tfiy = AS'^ fS^S^ au + BS'^afj.S^ f3y, (7.3) 
KaK MOJKHO OJKHflaTb, HTpaGT pOJIb MeTpHHeCKOFO TGHSOpa. ^Jia 

cpaBHeHHa nanoMEHM, hto npaBHJio ^HpaKa-3HHmTeHHa (1 6.5p 

r/Ase^^e^^ (7.4) 

TaKJKe 6biJio o6iii;eKOBapHaHTHbiM b M h jiOKajibHO 0(n, r7)-HHBa- 
pnaHTHbiM B M"^. 3Ta nocjie^Hfla CHMMeTpnfl, Sy^yMH SecKoneHHO- 
Mepnoii, b 3tom CMbicjie Gorane neu Ta, ^to aaflaeTca cooTHOinenH- 
eM (1 7.3p . 0;i;HaKO ona 6eflHee b CMbicjie Heno;i;HHHeHHH CHMMeTpHH 
GL(n,M). 3Ta nocjie;i;Haa CHMMeTpna b onpe;i;ejieHHOM CMbicjie 60- 
Jiee 4)yHflaMeHTajibHa ji^jisi FM h ne npe;i;ycMaTpHBaeT HHKaKoro 
4)HKCHpoBaHHoro o6T.eKTa BO BHyTpeHHeM npocTpancTBe M". Oco- 
Sbiii HHTepec npe^CTaBjiaeT caMO nepBoe cjiaraeMoe b f l 7.31) . b to 
BpeMH KaK ocTajibHbie HrpaiOT npocTO pojib btoph^hmx nonpaBOK. 
Bee ;i;ejio b tom, hto BbipajKeHne 

g[eU = S'^p.S^, (7.5) 



14 



nocTpoeno h3 5* b cooTBeTCTBHH c ajire6paHHecK0H KOHCTpyKn,HeH 
KHjiJiHHra. 3to coBna^eHHe ne cjiynaiiHO. HycTb ^I^bc oSosHanaeT 
oGteKT HerojiOHOMHH Ha e, 

[CA, es] = n^ABec, de^ = ^Q^Bce^ A e^. (7.6) 

C TO^HOCTbK) flo nocToaHHoro MHO>KHTejia 3T0 e-nerojiOHOMHoe 
npeflCTaBjiGHHe caMoro e, T.e. 

S\u = ^n^ABC^ce^.e'',, (7.7) 
HJiH, aanncaHHoe hhmmh cjiOBaMH c noMOinbio M-HH;i;eKCOB, 

S = ^n^ABCc ® ® e^. (7.8) 
MojKHO noKaaaTb, hto bcskhh jiarpaH>KHaH, nocTpoenHbiii h3 e 

oSlHeKOBapHaHTHblM H GL(n, M)-HHBapHaHTHbIM 05pa30M, flOJIJKeH 

saBHceTb OT S, h nosTOMy TaK»ce ot npoH3Bo;i;Hbix de o;i;Hopofl- 
HbiM oGpaaoM CTenenH o^Hopo^HOCTH n. E^HHCTBenHbiii cnoco6 
paccMOTpeTb o6mHH cjiynaii coctoht b tom, ^to na^o bbgcth neKO- 
Topbie CKajiflpHbie BbipajKenHs nocTpoennbie h3 g[e\ (1 7.5p h ^[e]. 
MojKHO noKaaaTb, mto TaKne CKajiapbi, Bcer^a oflHopo;i;Hbie CTene- 

HH 0;i;HOpOflHOCTH HOJIb B S (hJIH B dc) , HG BHOCJIT HHHerO KaHG- 

CTBGHHO HOBoro, HO ycjiojKHJiiOT (J)opMyjiy jiJisi L{e,de) = L{S). 
EcjiH nojie SasHCOB OKasbiBaeTCfl naTflnyTbiM na ajireSpy JIh, T.e. 
ecjiH f2 nocTOflHHa, to (M, e) CTanoBHTCfl npocTpancTBOM rpynnbi 
JIh, h g[e\ HpoHopH;HOHajibHO ee Tenaopy KHJiJinnra: 

g[e]^^ = 47[e]ABe^^e^^, -f[e]AB = ^^la^^kb, (7.9) 

r^e f^^Bc* — He ^to HHoe, KaK CTpyKTypnbie nocTOHHHbie. 

BaiKHbiH H HpHBo;i;ani;HH b CHJibHoe BOJiHenne BbiBOfl coctoht 
B TOM, HTO ecjiH ajircSpa JIh nojiynpocTa, to e — Bcer^a peme- 
HHe HOJieBbix ypaBHeHHH, HOJiynaion^Hxca h3 jiarpaHJKHana L KaK 
ypaBHenna Biijiepa-JlarpaHJKa. 3th pemcHHa nasbiBaiOTCfl "oflHO- 

pO^HblMH" HJIH "baKyyMHblMH" pemeHHflMH. 
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8. BaaHMOCBasb Me^K^y cymecTBeHHbiMH HejiHHeiiHO- 
CTaMH, He HMeromHMH xapaKTepa Majibix BoaMymeHHH, h 
rpynnaMH CHMMeTpHH BbicoKoro nopa^Ka. HpeflCTaBJieHHaa 
Bbime MO^ejib SbiJia nocTpoena fljia neKOTopbix, oneHb cneii;Hajib- 
Hbix THnoB reoMeTpHHecKHx oSijeKTOB h ocHOBbiBajiacb na neKOTO- 

pOii, O^eHb Cnen,HajIbHOH MOTHBHpOBKe. O^HaKO 3Ta MOTHBHpOBKa 

OKaaajiacb BecbMa rjiySoKoii. Ona KaK pas h BbipajKaeT namy H^eio 
o cymecTBOBaHHH rjiySoKOH h HeoTi.eMJieMOH CBaan MejK^iy cyme- 

CTBGHHOH HejIHHeHHOCTbK), HG HMeiOmeH XapaKTGpa MajIblX B03My- 

meHHH, H rpynnaMH chmmctphh BbicoKoro nop5i;i;Ka (5biTb MoaceT, 

CKpblTblMn). 

JlarpanjKHaHbi BH^a (1 7.11) . (1 7.2h OHenb HHTepecnbi KaK ajib- 
TepnaTHBHbiH nojiioc npocTOTbi b CMbicjie flonojinnTejibnocTn k 
jiarpanacnanaM, KBaflpaTHHHbiM no CKopocTSM (n npHB0fl5ini;HM k 
KBaanjinnennbiM ypaBnennaM nojia). Onn SbiJin BnepBbie oGna- 
pyjKenbi b HejinneHHOH sjieKTpoflnnaMHKe (KaK MO^ejin Bopna- 
HH(|)ejibfla) . Ho MOTHBnpoBKa Torji^a Sbijia coBepinenHO ^pyron, 
opHeHTHpoBannoH na to, ^toSbi H35e>KaTb TpyflnocTen, npncymnx 
jinnenHOH sjieRTpoflnnaMHRe MaKCBejiJia. XapaKTepnoe cbohctbo 
jinnennbix n KBaanjinnenHbix Teopnn nojia coctoht b tom, hto 
jiarpanjKHaHbi KBa^paTH^Hbi no nponsBO^nbiM. Ka>KeTca, ^to 3Ta 
B03M0>KH0CTb — HanSojiee npocTaa. Ho mojkho naiiTH n ^pyron, 
ajiBTepnaTHBHbiH nyTb, nivieiontHH rjiySoKoe ocnoBanne b reoMCT- 
pnn, CHMMeTpHH n nejiHHeHHOCTH. ^encTBHTejibno, reoMCTpHHe- 
CKaa CTpyKTypa BcaKoro JiarpaHJKHana £ i9\l/) — bto CTpyKTy- 
pa CKajiapnoH hjiothocth Beca o;i;hh (hjih, 6ojiee tohho, hjiothoctb 
Benjia, ly-njiOTnocTb) na npocTpancTBeHHO-BpeMenHOM mhofooS- 
pasHH, HJIH, Sojiee oSmo, na "MnorooSpasHH nesaBHCHMbix nepe- 
Mennbix". B hojigbbix Teopnax cnen;HajibHOH Teopnn OTnocHTejibno- 
CTH, HJIH, B Sojiee o5ni;eM cjiynae, b Teopnax, c4)opMyjiHpoBannbix 
na ocnoBe neKOToporo (|)HKCHpoBannoro hjih ;i;nnaMnHecKoro MeT- 
pHHecKoro Tenaopa, CKajKeM, b oSmen TeopHH OTnocHTejiBnocTH, 
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HMeeTca CTan^apTHafl npon,eflypa nocTpoenHa TaKHx BejiHHHH, T.e. 

C[g,%=L[g,^^l (8.1) 

r;i;e L[g,'^] — CKajiapnaa (]3yHKii;Ha, nocTpoeHHaa h3 nojieii, h \/\g\, 
T.e. onpe^ejiHTejib MeTpHnecKoro Tenaopa, — sto CTan^apTHafl CKa- 
jiapnafl njiOTHOCTb Beca o^hh. 3aTeM, Kor^a ocnoBbiBaflCb na Ta- 
KOH (J)aKTopH3an,HH, Sy^eT ^obojibho ecTecTBennbiM ojKH^aTb, ^to 
npocTefiniHe h HanSojiee 34)4)eKTHBHbie MOflejiH jiHHeiiHbi h KBa- 

3HJIHHeHHbI, KOr;i;a L SaBHCHT OT npOH3BOflHbIX nOJIHHOMHajIbHO, H 

nojiHHOM HMeeT BTopyio (hjih no KpaHneii Mepe HHSKoro nopa^Ka) 
CTeneHb. OflnaKO, ecjin mm o^HajKflbi npHMeM 4)hjioco(|)hio CKajiap- 
Hbix njioTHOCTGH KaK HTO-TO 4)yH;],aMeHTajibHoe, Tor^a, TaKJKe KaK 
H B cjiynae (1 7.10 mm OKajKeMca ckjiohhmmh BepnTb b npoTHBono- 
jiojKHMH nojiioc npocTOTM. HMecTca B BH^iy, HTO He caM Jiarpan- 
jKHaH, HO HeKOTopbiii flBajKflbi KOBapnaHTHMH Tenaop JlarpanjKa 
L^i, d'^) flOJiJKen 6biTb paccMOTpen KaK ne^TO (J)yH^aMeHTajib- 
Hoe, noTOMy hto HSBjieneHHe KBa^paTHoro Kopna h3 (aScojiiOTHoro 
aHaneHHa) KOBapnaHTHoro Tenaopa BToporo nopa^Ka — sto Kano- 
HHHecKHii cnocoS nocTpoenna jiarpanjKeBMx njiOTHOCTefi h Bapna- 
ii;hohhmx npHHii;HnoB. HoBTOMy ne JiarpanjKHaH, a HMenHO, Tenaop 
JlarpaHJKa L^^ d'^) flOJi>KeH HMeTb KaK mo>kho Sojiee npociyio 
4)opMy, nanpHMep KaK b (1 7.ip . (1 1.2\\ . TaKHM oSpaaoM, ojKHflaeTca, 

HTO L^j, QyflGT HeKOTOpMM nOJIHHOMOM BTOpOrO (hJIH HO KpaHHett 

Mepe HH3Koro) nopa;i;Ka no . 

3Ta H^ea onenb CTapa h bocxo^ht eme k neKOTopbiM nonbiT- 
KaM Bopna h HH(J)ejibfla naSejKaTb npoTHBope^HH b KjiaccHnecKOH 
3JieKTpoflHHaMHKe. 3th nonbiTKH noHTH nojiHOCTbK) aaSbiTM, ho 
He^aBHO HHTepec k stoh MO^ejin Boapo^njica bhobb [1, 10]. 

9. TpaflHij;HOHHaH MO^ejib BopHa-HHcJjejib^a b sjieKTpo- 
flHHaMHKe. HycTb — 4-H0TeHH;Haji sjieKTpoMarnHTHoro HOJia. 
Tor;i;a HHTencHBHOCTb nojia 3a;i;aHa c noMOinbio KOCocHMMeTpHHHO- 
ro Tenaopa 

F^u = d^A, - d,A^, (9.1) 
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T.e. BHeniHeii npoH3BO,T,HOH (b 3tom cjiyHae, rpy6o roBopa, onepa- 
TiHeii BSHTHH poTopa) OT Afi. OcHOBHbie HHBapHaHTbi MOJKHO npefl- 
CTaBHTb B cjie;i;yK)iii;e]vi BH;i;e: 

S = -lF,,F^^^~g^^g'^'F,,F^^^^(E'-B'), (9.2) 
P = --^F^,F^' = ~e^^''^'^F^,F^x = E-B, (9.3) 

r^e S — CKajiap, P — nceBflocKajiap, a E n B — cooTBeTCTBenHO 
sjieKTpHMecKoe nojie h MarnHTnasi HHflyKii;Ha. KoMnoneHTbi bckto- 
pa E, T.e. Ei, paBiiu KOMnoiieiiTaM Fq^ (hjth Fiq = —F^i, b saBH- 
CHMOCTH OT KOHBeHLi,HH) TeH3opa F, a KOMnoiieiiTbi nceB;i;oBeKTopa 
B, T.e. Bi, coBnaflaiOT c KOMnoneHTaMH Fj^ = —F^j, j ^ k, k ^ i, 
i ^ j. CjieflyeT o6paTHTb BHHManHe HHTaTejia na to, hto mm cjie- 
;i;yeM 3flecb pejiJiTHBHCTCKOH KOiiBeHii;HH, r;i;e rpe^ecKne HHfleKCbi 
aBJTiiTOTca npocTpaHCTBeHHO-BpeMeHHbiMH, a jiaTHiiCKne — TOJibKO 
npocTpaHCTBeHHbiMH. TaKHM o5pa30M 1^ npoSeraiOT ii;ejibiH ^na- 
na30H 0, 1, 2, 3, b to BpeMa KaK i, j, k — tojibko 1, 2, 3. KpoMe Toro 
B BbimenpHBefleHHbix 4)opMyjiax npeflnojiaraeTca TaKJKe cyMMHpo- 
Banne no noBTopaiomHMca HH^eKcaM. 

ITycTb L[F] = £{S,P) — .rrarpaii>KHaii, a — MeTpHxa Mhh- 
KOBCKoro. J\ajiee mm Sy^eM Hcnojib30BaTb nceB;i;o-opToroHajibHbie 

KOOpflHHaTM, TaK HTO 

=diag (1,-1, -1,-1). (9.4) 

Tpa;i;Hii;HOHHbiH jiarpanjKHaH MaKCBejiJia b jiHHeiiHOH sjieKTpo- 
flHHaMHKe HMeeT bh^ 

L^S. (9.5) 

Xopomo H3BecTHbiH jiarpaHJKHan b HejiHHeHHoii 3JieKTpoflHHa- 
MHKe BopHa-HH4)ejibfla 3anHCbiBaeTca KaK 




= |det [^^,] I - ^ |det [bg^, + F^,] \ . (9.6) 
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ripH 3T0M BbimenpuBefleHHaa MO^ejib Sbijia c(J)opMyjiHpoBaHa y>Ke 
B OKOH^aTejibHoii BepcHH TeopHH; b nanajie >Ke npeflJio>KeHHaa Bop- 
HOM opnrHHajibHaa Mo;i;ejib ocHOBbiBajiacb na jiarpaHJKHane 

06e MOflejiH (| 9.6p h fl 9.71) ;i;aiOT tot me peayjibTaT, Korfla mm 
HmeM CTan,HOHapHbie, c4)epH^ecKH CHMMeTpHHHbie pemenHH nojie- 
Bbix ypaBHeHHH. OflnaKO cymecTByiOT h neKOTopbie pasjiH^HH b 
;i;pyrHX npe^iCKaaaHHax sthx flByx TeopHH. 

OcHOBHaa MOTHBHpoBKa fljia noHCKOB HejiHHeHHbix MOflejieii b 
3JieKTpo;i;HHaMHKe coctoht b cjieflyioin;eM: 

• nojiyHHTb Kone^nyio coScTBennyio sjieKTpoMarHHTnyio snep- 
THK) sjieKTpona (a cjieflOBaxejibno h ero KoneHnyio 3JieK- 
TpoMarHHTHyio Maccy), a bosmojkho h 3(J)(|)eKT nacbimenHH 
(caTypan;HH), T.e. MaKCHMajibnyio CHJiy sjieKTpocTaTHHecKoro 
nojia, 

• HMGTb B03M0>KH0CTb HOJiyHHTb ypaBHeHHa ^^BHaCGHHa flJia 
aapajKeHHOH HacTHn;bi h3 ypaBHeHHH HOJia, nanpHMep KaK 

flJIfl MaCCHBHblX ^aCTHH, B o5n],eH TeopHH OTHOCHTejIbHOCTH 

[2,3,11]. 

H^eajibHOH cxeMOH b btom cjiynae aBjiaeTca cxeivia HoaBjienna cy- 
Hi;ecTBeHHOH HejinneHHOCTH b o6ni;eH Teopnn OTHOCHTejibHOCTH, T.e. 
B pejiaTHBHCTCKoii TeopHH rpaBHTaH;HH SHHniTeiiHa. 

C4)epHHecKH CHMMeTpHHHbie CTaH;HOHapHbie pemenna HOJieBbix 
ypaBHeHHH, KOTopbie mm nojiynaeM ^jia MO^ejien f l 9.61) h (1 9.7p . an- 
no y^OBjieTBopaiOT BbimeHpHBe^eHHbiM TpeSoBannaM. Ecjih mm ho- 
TpeSyeM, htoSm sjieKTpocTaTHHecKHii HOTeHH;Haji (p = Aq {Ai = 0) 
SbiJi (J)yHKH;HeH TOJibKO OT pa^iHajibHOH HepeMeHHOH r, Tor^a mm 
B KoneHHOM CHCTe HOJiyHHM cjie;i;yiOHi;yio KapTHHy, KOTopaa hji- 
jiiocTpHpyeT KanecTBeHHMe pasjinnna MejK^y sjieKTpoflHHaMHKoii 
MaKCBejiJia h BopHa-HH(J)ejibfla: 
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— 00 

Phc. 3 



CooTBeTCTByioinee anajiHTHHecKoe onncaHne HivieeT bh^: 



E(f) 



e 



r 



/ 

J r 



oo 



edx 



ro = 




(9.8) 



r^e e — sto nocTOHHHafl HHTerpnpoBaHHa, KOTopaa c 4)H3H^ecKOH 
TOHKH apenna TOJKflecTBeHHa BJieKTpHHecKOMy 3ap5i;i;y sjieKTpoHa, 
a r o6o3HaHaeT paflnyc-BeKTop. 

JlerKO Buj^eTh, hto CKajiapHbifi noTeHii;Haji (p KOHeneH, sjigk- 
TpHHecKoe nojie E orpanHHeno (xoTa h Heonpe^ejieno b tohkc r = 
0), njiOTHOCTb sneprHH a;, T.e. KOMnoneHTa Tqo Tenaopa sneprHH- 
HMnyjibca, GecKoneHHa b tohkc r = 0, ho tgm ne Menee oSmafl 
SHeprna (t.g. Macca BJieKTpona) S = J ud^r KoneMHa. 

10. McKjiHDHHTejibHOCTb MO^GjiH BopHa-HHcJ)ejii>^a. B 

CBoe Bpeivia hmcjih mgcto MHoroHHCJieHHbie nonbiTKH nocTpoenHa 
HejiHHeHHOH 3JieKTpo;i;HHaMHKH, HO cpe;i;H Bcex HHx MO^ejib Bopna- 
HH4)ejibfla aBjiaeTca b onpe^ejienHOM CMbicjie KanoHH^HOH h hc- 
Kjiio^HTejibHOH B CHjiy cjiG^yiomHx CBOHx cbohctb: 
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• OHa KajIH6pOBOHHO HHBapHaHTHa, 

• 4)yHKii;H0Haji aneprHH sBJiaeTca nojiojKHTejibHO onpe;i;ejieH- 

HblM, 

• TOHeHHbie HCTOHHHKH HMBIOT KOHeHHyiO SJieKTpOMarHHTHyK) 

Maccy, 

• B pejiaTHBHCTCKOM npocTpaHCTBe-BpeivieHH noTOK SHeprHH He 
aBJiaeTca npocTpaHCTBeHHO-no;i;o5Hbi]vi BeKTopoM, 

• B neii hbt flBoiiHoro JiyHenpejiOMjienHa, 

• B neii cymecTByiOT njiocKHe bojihm na c|)OHe nocTOSHHoro 
3JieKTpoMarHHTHoro nojia, a TaKJKe ye^HHenHbie bojihm. 

BcjieflCTBHe 3Toro Teopna BopHa-HH4)ejibfla Kaaajiacb HaH6ojiee 
HHTepecHOH cpe^H Bcex B03M0>KHbix HejTHHeiiHbix Mo^ejieii sjiex- 
Tpo;i;HHaMHKH, HO, TGM HG MGHee, B KOiie^HiOM c^ieTe OHa OKasajiacb 
aBHO pa30HapoBbiBaK)Hi;eH ho cjie^yiOH^HM HpH^HHaivi: 

• He 6bijio y6eflHTejibHbix peayjibTaTOB b o>KH;i,aeMOH hmhjih- 
Kan,HH: ypaBHenHa hojis =^ ypaBHenna ^BHiKeHHa. Ycnex 06- 

meil TeOpHH OTHOCHTejIbHOCTH B 3T0M OTHOHieHHH OHHpajI- 

ca He TOJibKO Ha HajiHHHH HejiHHeiiHOCTH, xoTa h 6biJi c neio 
CHJibHO CBaaan. FjiaBHbiM o6pa30M 3to HpoHSoniJio Sjiaro^apa 
TOJK^iecTBaM BbaHKH, KOTopbie cjieflyiOT h3 o5ni,eH KOBapn- 
aHTHOCTH. Cyin,ecTBeHHaa HejinneHHOCTb Sbijia a^ecb Kone^- 
HO BajKHa, HO He HanpaMyio, a tojibko KaK cjieflCTBne o6in,eH 

KOBapnaHTHOCTH. 

• He Sbijio HOxojKe na to, hto cneKTpbi CBepxiajKejibix aiOMOB 
HOflTBepjK^aiOT H^en BopHa-HHc|)ejibfla, 

• HMejiHCb cepbesHbie Tpy;i;HOCTH npn nepexo^e k KBaiiTOBoii 
BepcHH TeopHH o6ycjiOBjieHHbie HeHOJiHHOMHajibHoii CTpyKTy- 
poH JiarpaHJKHana, 
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• oflHoii H3 ee rjiaBHbix mothbhpobok 6bijia 6ecK0HeMH0CTb 
sjieKTpoMarHHTHoii Maccbi b jiHHeHHoii TeopHH MaKCBejiJia. 
Ho BCKope noiiBH.rracb KBaiiTOBaii sjreKTpo^HiiaMHKa, h Sjiaro- 
;i;apa npoi^e^ype peHopMajinaai^HH yneHbie nepecTajin Sojibine 
6oaTbca 6ecK0HeHH0CTeH. Hhmmh cjiOBaMH, npe^nojiarajiocb, 
HTO Macca 3JieKTpoHa ne HMeei tojibko 3JieKTpoMarHHTHoro 
npoHCxojK^eHHfl, BCJie^CTBHe SToro sth ^bg SecKoneHHOCTH 
B3aHMH0 coKpainaiOTca h Macca nojiynaeTca KoneHHofi. 

• 6yKBajibH0 roBopa, HCTopHHCCKaa MO^ejib BopHa-HH4)ejib;i;a 
He oneHb xopomo no^xo^HT npH onHcanHH "BHemHen" aa- 
paiKCHHOH MaiepHH (oTjiHHHOH OT "BHyTpeHHeft" , KOTopaa 
onHCbiBaeica oco6eHHOCTaMH nojia MarnHTHoii HHflyKn,HH D) . 
HanpHMcp, ^Jia KBaHTOBofi KorepeHTHofi MaTcpHH mm hmccm 

L = b'^^l- ^bg + F 

+ g^"'^^D^'^^\-m^^^^\, (10.1) 

r^e Dfj = d/i+ieAfj . BosHHKaTomHe a/tecb nojiebbie ypaBnenHa 
hmcjih 6bi HepaLi,HOHajibHyio CTpyKiypy b nojiCBbix nepeMCH- 

HblX H HX npOH3BOflHbIX. 

BcjieflCTBHe BbimenpHBe;i;eHHbix npn^HH HHTcpec k mo^cjih 
BopHa-HH(J)ejibfla nocjie HCKOToporo BpeMCHH cobccm Hcnea c 4)h- 
3HMecKoro "pbiHKa". BpcMa ot BpeMCHH MOflCJib 6bijia HcnojibaoBa- 
Ha KaK KBasHKJiaccHHecKoe onncaHHe HCKOTopbix HejiHHefiHbix aB- 
.rreiiHH, TaKHx KaK, HanpHMep, pacceanne (Jdotohob iia (J)OTOHax. B 
peayjibTaTC ee npeflCKaaanna coBna^ajin c tcmh, KOTopbie Smjih no- 
jiyMCHbi c noMombK) KBaHTOBOH 3JieKTpoflHHaMHKH, HO Hpon,eflypa 
6bijia BO MHorHx acHCKiax anaMHTejibHO npome. HejiHHeiiHoe Bsan- 
MOfleficTBHC MCJKfly jiHHeiiHbiM nojiCM MaKCBCJiJia h MaTepneii 6biJio 
B 3T0M cjiynae saKOflnpoBano b nejiHReHHOCTH Bopiia-PIii(J)ejib;i;a 
B BH;i;e HHCTO sjieKTpoMarHHTHOii mo^cjih. FpySo roBopa, hcjih- 
HCHHOCTb nojiCBoii flHHaMHKH aaMcmacT MaTcpHK), 34)4)eKTHBHO ee 
OBHCbiBaa. 
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11. Ac|)c|)HHHO-TBepAbie Tejia. Teopna ac|)c|)HHHO-TBepflbix 
TGJi npe^CTaBjiaeT coSoii b onpe^ejienHOM CMbicjie MexaHH^ecKHH 
npHMep, jTe>Kain;HH b ocHOBe Hameii Hzi;eH GL(n, ]R)-HHBapHaHTHOH 
rpaBHTaii;HH, ocHOBaHHoii na jiHHeiiHbix 6a3Hcax [12-20]. 




Phc. 4 

Bo Bpe\m ^BH>KeiiH5i Bce a4)4)HHHbie cooTHomeHna MejK;i;y co- 
CTaBJiaioinHMH TGJia coxpanaiOTca. B o5iii;eM 3to ne TaK c ivieTpH- 
HecKHMH cooTHomeHHaMH. no3TOMy jiarpaHJKeBbi h aiijiepoBbi ko- 
opflHHaTbi , CBaaaHbi MejK^y co6oh KaK 

C{t,a)=x' + ^'K{t)a'', (11.1) 

r^e X* — nojioJKeHHe n,eHTpa Mace, a (/^V — KOopflnnaTbi BHyTpeHne- 
ro flBHJKeHHa. B n-MepnoM npocTpancTBe b coBOKynnocTH HMeiOTca 
n{n + 1) o6o6iu,eiiHbix KOop;i,HiiaT h v'V- 

Mbi HivieeM oSoSmeHHbie CKopocTH v\ V^k h neKOTopbie ;i;pyrHe 
onpe^ejiaeMbie hmh BejiHMHHbi, laKHe KaK a4)4)HHHbie CKopocTH Q, 
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B npocTpancTBeHHOM h CBHsaHHOM c TejiOM npeflCTaBjieHHflx 

ilj ^ V j = —^^ (11.3) 

iZ B = (/? jl/ S = </? ^ j'/' B- 111-4) 

Ohh npe^CTaBjiaiOT coSoii a4)(|)HHHbie anajiorH yrjiOBbix CKopocTeii 

H3 MexaHHKH TBepflOFO TGJia. 

12. "06biHHaa" KHHeTHnecKaa sneprHH T, ocHOBaHHaa 
Ha npHHi];Hne ^ajiaM6epa. B stom cjiynae HMeeivi ^jukujik) 
JlarpaHJKa 

L^T -V{x,ip), (12.1) 

r^e V{x, if) — 3T0 noTeHn,HajibHaa aneprHH, KHneTHMecKaa sneprHH 
aanncbiBaeTCfl KaK 

^-^^''^^^2^''^^'^ -rtr + Ti„„ (12.2) 



a BejIHHHHbl 



= J dfx{a), J^^ = y a^a^dn{a) (12.3) 



COOTBeTCTBGHHO OHHCblBaiOT TpaHCJTimHOHHyK) (MaCCa) H BHVTpeH- 

HioK) HHepTHOCTb. Sflecb T — 3T0 KHHeTHHecKafl sneprHa onncbi- 
Baiomafl jiHHeiiHbiH cJ)oh. 

13. /^HHaMHHeCKH acJjcJjHHHO-HHBapHaHTHbie MO^ejIH. 

Cbhsb Me:ac^y chjibhoh HejiHHeHHOCTbio h CHMMeTpHeii 
BbicoKoro nopa^Ka. BbimenpHBe^eHHaa MO^ejib, KOTopaa xo- 
Ta H ocHOBana na a(J)4)HHHbix CTenenax CBo6oflbi, ne abjiaei- 
ca a4)4)HHHO-HHBapHaHTHOH na ypoBne flHnaMHKH, TaK hto ee 
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CHMMeTpHfl CJIHniKOM 6eflHa. OflHaKO Mbl MOJKeM BSeCTH MOflejIH, 

ac|)c|)HHHO-HHBapHaHTHbie B 4)H3HMecKOM npocTpaHCTBe: 

^^^*Ti„, = \c%%n\n^u, (13.1) 

'^'*71r = "^VABV^V^ = '^C,jv'v\ (13.2) 

r;i;e Cij = r)ABf~^'^i^~^^j — Tenaop ^ec|)opMaii;HH Komn, h MaTe- 
pnajibHOM: 

"■'^'X = yy.,^V = ^G^^^;^^;^, (13.4) 

r^e Gab = Qij^^A^'^B — Tenaop fle(|)opMan,HH FpHHa. 

3flecb C, TZ — HeKOTopbie nocTOHHHbie. Ho Q n Q — nerojio- 

HOMHbie CKOpOCTH, n03T0My MeipHKH, JieJKamHB B OCHOBe 3THX T", 

HBjiflioTca HeeBKjiHflOBbiMH, H /[axce 6e3 noTeHn,Hajia ^HHaMHKa hh- 
BapnaHTiia OTiiocHTejibiio "6o.rrbmoM" a4j4^HiiHOH rpynnbi, iie TO.rrb- 
KO OTHOCHTejibHO coxpaHJiioinHX MCTpHKy rpynn (HaoMeTpnii) KaK 
B pa3fl. 12. 

MoflejIH, OflHOBpeMeHHO HHBapHanTHblX OTHOCHiejIbHO JieBblX H 

npaBbix (npocTpaHCTBeHHbix h MaTepHajibHbix) /[eiicTBHH a(J)(J)HH- 
Hbix rpynn, ne cyni;ecTByeT. Ho caMa BiiyTpeiiimii KHneTH^ecKaa 
sneprna mojkgt SbiTb ^BycToponne a4)4)HHHO-HHBapHaHTHa. O^na- 
KO TaKHe KnneTHHecKHe aneprnn anaKoneonpe^ejienbi: 

'^T.f, = |lV (Q^) + I (Trnf = ^Tr (q^) + | (m)' . (13.5) 

KpoMe Toro, cymecTBviOT nnTepecnbie MOflejin, a(J)(J)HHHO-HH- 
BapnaHTHbie b (jDnsHHecKOM npocTpancTBe n tojibko naoivieTpHHe- 
CKH HHBapHaHTHbie B MaiepHajibHOM npocTpancTBe, h Hao6opoT. 
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3tO COOTBeTCTBGHHO 

^""T^T' = ^-Vacv''''^''b^''d + ''''T,^, (13.6) 
'^''''T.^ = ^-9ik9''n^jn'i + ^^T,^, (13.7) 

r^e I, An B — nocTOHHHbie, onHCbiBaiomHe HHepn,HOHHbie CBoiicTBa 
Tejia BO BpeMa BHyTpeHnero (oTHOCHTejiBHoro) flBHJKenHH. /JpyrH- 
MH cjiOBaMH 3T0 HHepii;Ha no OTHomeHHio K oSopoTaM H oflfiopop,- 
HbiM fle(J)opMaii;HaM. 

EcjiH BejiHHHHbi I, A -a B y;i;oBJieTBop5iiOT neKOTopbiM orpa- 
HHHeHHaM, Tor^a BbipajKenHa ( 1 13. 6p . (1 13. 7^ MoryT 6biTb nojio>KH- 
TejibHO onpe^ejieHbi. MnorooGpasHe TaKHx TpoeK (/, A, B) — sto 

OTKpblTOe nOflMHO>KeCTBO B . 

Cjieflya BbimeonHcaHHoii cxeivie, KOTopaa 3a;i;aHa BbipajKeHHaMH 
fl 13.ip - (l 13. 4p . MOJKHO nocTpoHTb HeKOTopbie HHTepecHbie pniviaH- 
HOBCKHe CTpyKTypbi Ha MHorooSpasHH CKajiapHbix npoHSBeflenHii, a 

TOHHee, Ha MHOrOoSpaSHH (oSbIHHO CHMMeTpHHHblx) 5HJIHHeHHbIX 

4)opM aaflaHHbix na ^eiicTBHTejibHOM jiHHeiiHOM npocTpancTBe h 
Ha MHoroo6pa3HH (oSmhho spmhtobmx) HOJiyTopajinnenHbix (J)opM 
3a;i;aHHbix na KOMHJieKCHOM jinneiiHOM HpocTpancTBe. Bbimeyno- 
ManyTbie pHMaHHOBCKHe CTpyKTypbi aBJiaiOTca TaKJKe HHBapnaHT- 
HbiMH HOfl ^eiicTBHeM "Sojibnibix" rpynn, nanpHMep n,ejiOH jinneH- 
Hoii rpynnbi KaK b cjiynae MO^ejieii (1 13.1l) - (l 13.71) . KpoMe Toro, 
nojiynaioinHeca ypaBHenHa fljia hx reofleannecKHX KpHBbix TaKJKe 
aBJiaiOTca onenb chjibho, cymecTBenno HejiHneiiHbiMH. 

CymecTByeT HaflejK;i;a, hto TaKne Mo;i;ejiH HejinneHHOH flnna- 
MHKH na MHoroo5pa3Hflx nojiyTopajiHHeiiHbix CKajiapHbix npoH3- 
Be^eHHii MoryT SbiTb nojieanbi npn onHcanHH ocnoBanHH TeopHH 

KBaHTOB. B03M0JKH0 TaKJKG, HTO OHH MOryT 5bITb BbirO^^Hbl B oSTj- 

acHeHHH npoSjieMbi fleKorepeHii;HH h KBanTOBbix napa;i;oKCOB naivie- 
peHHH. 

B Ka>K^OM cjiynae npe^JioJKeHHaa HejiHHeiiHOCTb aBjiaeTca reo- 
MeTpHHecKOH, HaTypajibHOH h ne HMeeT xapaKTepa Majibix B03My- 
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meHHH. C yBepeHHOCTbK) mo>kho TaKJKe CKaaaTb, hto ona ne BBe^e- 
na "BpyHHyio", KaK b neKOTopbix HCKyccTBenHbix MO^ejiax nejiH- 

HGHHOCTH B KBaHTOBOH MexaHHKe. 

14. Chjibho HejiHHeHHbie peajincTHMecKHe reo^esHne- 
CKHe MO^ejiH, Hx CTporaa paapeiiiHMOCTb h i];enoHKH. Cpe- 

flH BCeX 3THX a(J)(J)HHHbIX MO^ejIGH C KHHeTHHeCKOH SHeprHGH, 
a(J)(J)HHHO-HHBapHaHTHOH KaK MHHHMyM B 4)H3H^eCKOM HJIH Ma- 

TepnajibHOM npocTpancTBe f l 13.5p -( [13.7p HMeiOTCfl TaKne, koto- 
pbie aaflaiOT ynpyryio flHHaiviHKy Jinnib b caMOH KHHeTHHecKofi 
BHeprHH, 6e30 bcjikhx noTeHii;HajiOB. 3to HivieeT mgcto KaK MH- 
HHMyM B TOM cjiynae, Kor^a coxpaHaeT oST^eM. TaKne MO^ejin 
MoryT OHHCbiBaTb ynpyrne K0Jie5aHHfl, ^ajKe ecjiH ohh hhcto reo- 
^esHHecKHe, T.e. ne coflep»caT flonojiHHTejibHoro noTeHn,Hajia. 3to 
HanoMHHaeT npHHii;Hn MonepTron. H TaKne mo^gjih, no KpaHHeli 
Mepe nacTHHHO, MoryT Smtb sbho pemeHbi na ocnoBe neKOTopbix 
3KcnoHeHii;HajibHbix MaTpHHHbix (J)yHKii;HH. Bee sto HMeeT MecTO 
6jiaroflapa saMenaTejibHOH CBusm MejK^y cymecTBeHHoii HejiHHen- 

HOCTbK) H CHMMeTpHSMH BblCIUHX BOpa^KOB. 3tO HanOMHHaeT HaiUH 

a(J)(J)HHHO-HHBapHaHTHbie MOflejiH, 4)opMajibHO onpe^ejieHHbie fljia 
nojieii jiHHeiiHbix 6a3HCOB b rpaBHTaii;HH. 

CB5i3b c HHTerpnpyeMbiMH ii;enoHKaMH mojkho yBH^eTb, ecjin 
BOcnojib30BaTbCfl TaK HasbiBaeMbiM 6HnojiapHbiM paajioJKenHeM 



r^e MaTpHn,bi L n R opToronajibHbi, a MaTpHn,a D ^HaronajibHa. 

Tor^a L m R onHCbiBaiOT ^Ba neKOTopbix (Jdhkthbhmx rnpocKO- 
na (opTOHopMajibHbie rjiaBHbie och TenaopoB ;i;e(|)opMaii;HH Komn 
H FpHHa). Tor;i;a BBo;i;aT conyTCTByiomHe yrjiOBbie CKopocTH sthx 
rnpocKonoB, 



= LDR 






(14.2) 
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H HHBapHaHTbi fle4)opMan,HH, T.e. ^HaronajibHbie sjieivieHTbi MaipH- 
n,bi D: 

D = diag(Q\...,Q"). (14.3) 

y^oSno BOcnojib30BaTbCfl npeflCTaBjieHHeM 

Du = Q' = expq\ (14.4) 

T.e. 

q' = \nQ\ (14.5) 

JJ^ajiee n,ejiecoo5pa3HO BBecxH KOHn,enn,Hio yrjiOBbix MOMeHTOB (chh- 
hob) fljia THpocKonoB L M R, KOTopbie onpeflejiaiOTCfl KaK BejiH^H- 
Hbi, KanoHH^ecKH conpa>KeHHbie k ^- 3th KaHOHH^ecKHe cnHHbi 
o6o3HaHHM ^ = — r = — r cooTBeTCTBenHO. BBe^eM TaK>Ke cjie- 
flyioiuHe BcnoMoraTejibHbie BejiH^HHbi: 

M=-^-r, N = Q-T, (14.6) 

KOTOpbie, KOne^HO, KOCOCHMMeTpHHHbl. KaHOHHHeCKHe MOMeHTbl, 

conp5i>KeHHbie g*, Sy^yT oGoana^eHbi nepea p,, a MOMenTbi, conpa- 
jKeHHbie nepeMeHHbiM — nepea Pj. 

Tor;i;a mojkho noKaaaTb, hto b paiviKax Mo;i;ejiH (1 13. Sp . paccMOT- 
peHHOH fljia npocTOTbi b cjiynae, Kor^a 5 = (bto na caiviOM flejie 
TOJibKO BTopH^nafl nonpaBKa), HMeeM 

^""r^ = ^Ci2), (14.7) 

r;i;e a — MHOJKHTejib HHepii;HOHHoro npoHCxojK^ieHHa, a C(2) — bto- 
paa 4)yHKii;Ha KaanMHpa: 



(M' 



a \2 
b 



16f^ch2(g«-g'')/2- ^ ' ^ 
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Biopoe cjiaraeMoe onncbiBaeT saaHMHoe OTTajiKHsaHHe HHBapHan- 
TOB fle(J)opMan,HH, a TpeTbe — hx npHTa>KeHHe. Bcjie^CTBHe btofo 
HMeiOTca o6jiacTH orpaHHMeHHoro h pacceHBaioinero flBHJKeHHa (h 
cymecTByeT neTKaa rpaHHii;a Mempj hhmh) flajKe b hhcto reo;i;e3H- 
necKHX Mo;i;eji5ix (npeflnojiaraa tojibko hx a(J)(J)HHHyio HHBapnaHT- 
HOCTb). /IpyrHMH cjiOBaMH nojiy^aeM reo^esHHecKoe MOflejinpoBa- 
HHe KOJieSaHHH — kohghho >Ke aa HCKjiio^eHHeM flHjiaTan,HH, koto- 
pbie CTaSnjiHSHpyiOTca c noMOinbio neKOToporo noTeHii;Hajia V(g). 
OSmHe H30TponHbie noTeHii;Hajibi hmgiot bh^: 

V = V(g\...,g"). (14.9) 

^onojiHHTejibHO, npHHHMaa Mo;i;ejib h3 paa^i;. 12, ynpomeHHyio 
3a CHGT noflCTanoBKH 

jAB ^ j^AB^ ^^^ -^Q^ 

Bbipa>Kaioiii;eH HSOTponnio Tenaopa HHepn,HH, nojiy^aeM 



Ant - 2/Z^^- + 8/^(Q- 



+ 



1 >^ (Ar%)2 



a a.b ^ 



5IcH0, HTO (J)opMyjibi (1 14. 7p . fl 14. Sp . (1 14.110 ;i;eMOHCTpHpyiOT neKO- 
Topoe rjiy6oKoe poflCTBO c HHTerpnpyeMbiMH rnnepSojiHHecKHMH 
n,enoHKaMH Caaepjisn^a h KajiOfl>Kepo [21] h MoryT 5biTb Hcnojib- 
30BaHbi fljifl anajiHsa hx pemenHii. OTpHn,aTejibHbiH BKjia^ b (1 14. 8p 
OTBe^aeT aa tot (|)aKT, hto cooTBeTCTByiomHe reo^esH^ecKHe mo- 
;i;ejiH MoryT onncbiBaTb ycTOHHHBbie, b KaKOM-TO CMbicjie "orpanH- 
HeHHbie", ynpyrne KOJieSanna. 



Pa6oma eunoAHena e paMuax npoepaMMU compydHUHecmea Mecnc- 
dy IJoAbCKOu u PoccuucKou AnadeMUHMU Hayn. 
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yj\K 530.1; 531 

CHMMCTpHa H reoMeTpHHecKH-o6ycjTOBJTernibie iiejTHHeHHOCTH b 
MexauHKe h Teopnn nojia. CjiaBaHOBCKHii 51. E., KoBajib^yK B. 

Symmetries and geometrically implied nonlinearities in mecha- 
nics and field theory. Warsaw (Poland): Institute of Fundamental 
Technological Research of Polish Academy of Sciences. 2009. P. ???- 
???. 

PaccMOTpena BsaHMOCBasb MCJK^y HejinHeMHOCTbio h chmmct- 
pueii flHHaMHHecKHx Mo^ejiem. Oco6eHHoe BHUMaHue yflcjieno cyin,e- 
CTBennoii (ne HMeioin,eH xapaKTcpa Majibix BoaMymenHii) Hejiuneii- 
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HOCTH, Kor^a BOo6me ne cymecTByei jiHHeiiHoro 4)0Ha. TaKaa hcjih- 
HeiiHOCTb cymecTBeHHO oraTTT^iaeTCfl ot tgx HejiHHeiiHOCTeH, koto- 
pbie aaflaiOTca HejiHHeiiHLiMH nonpaBKaMH, iiajiojKeHiiuMH iia i-ieKO- 

TOpblH JIHHeHHblH 4)0H. B HeKOTOpOM CMblCJIG HaniH H^^GH JIBJiaiOTCa 

npo^ojiJKeHHeM h pasBHTneM no^xo^a, nojioiKeHHoro BopnoM h Hh- 
4)ejibflOM B ocHOBy CBoeii 3jieKTpoflHHaMHKH, a TaKJKe cxeM o6meH 
TeopHH OTHOCHTejiBHOCTH. Oco6eHHO npe^CTaBjiaioT HHTepec acj)- 
4)HHHbie CHMMeTpHH CTeneHGH CBo5o;i;bi H ;i;HHaMHHecKHe MOflejiH. 
PaccMOTpeHbi MexaHHHecKHe reo^esHnecKHe MO^ejiH, r^e ynpyraa 
^HHaMHKa Tejia cocpe;i;oTOHeHa ne b noTeHii;HajibHOH aneprHH, a hc- 

KJIIOMHTejIbHO B a4)4)HHHO-HHBapHaHTHOH KHHeTHMeCKOH 3HeprHH, 

T.e. B a4)4)HHHO-HHBapHaHTHbix MeTpHHecKHx Tenaopax na koh4)h- 
rypaii;HOHHOM npocTpancTBe. B iieKOTopoM CMbicjie sto nanoMKHa- 
GT mjieio, 3aKJiK)MeHHyK) b BapHaLi,HOHHOM npHHii;Hne MonepTiOH. 
PaccMOTpena TaKme ^HnaMHKa nojieii jiHHeiiHbix 6a3HCOB, HHBapn- 
aHTHafl nofl fleiicTBHeM jiHHeiiHOH rpynnbi BHyTpennHx CHMMeTpHii. 
OKaaajiocb, hto laKHe MO^ejiH aBTOMaTHMecKH hmbiot CTpyKiypy 
o6o6meHHOH Mo^ejiH BopHa-HH4)ejibfla. 3tot (|)aKT sBjiaeTca ho- 
BbiM noji;TBepjK;i;eHHeM Hfleii, BnepBbie npe;i;jiojKeHHbix BopnoM h 
Hii(J)ejibflOM. PaccMOTpeHHbie mo^bjih MoryT 6biTb HcnojibaoBanbi 
B TeopHH nejiHHeHHOH ynpyrocTH h b MexanHKe pejiHTHBHCTCKHx 
cpefl CO CTpyKTypoH. Ohh TaKJKe MoryT npHBecTH nac k neKOTO- 
pbiM ajibTepnaTHBHbiM Mo^ejiflM B TeopHH rpaBHTan,HH. KpoMe to- 
ro cyni;ecTByeT HHTepecnaa BsaHMOCBasb MejK;i;y sthmh MO^ejiaMH 
H Teopneii HejiHHefiHbix HHTerpnpyeMbix ii;enoHeK. 

Discussed is relationship between nonlinearity and symmetry 
of dynamical models. The special stress is laid on essential, non- 
perturbative nonlinearity, when none linear background does exist. 
This is nonlinearity essentially different from ones given by nonli- 
near corrections imposed onto some linear background. In a sense 
our ideas follow and develop those underlying Born-Infeld electro- 
dynamics and general relativity. We are particularly interested 
in affine symmetry of degrees of freedom and dynamical models. 
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Discussed are mechanical geodetic models where the elastic dyna- 
mics of the body is not encoded in potential energy but rather 
in affinely-invariant kinetic energy, i.e.. in affinely-invariant metric 
tensors on the configuration space. In a sense this resembles the idea 
of Maupertuis variational principle. We discuss also the dynamics 
of the field of linear frames, invariant under the action of linear 
group of internal symmetries. It turns out that such models have 
automatically the generalized Born-Infeld structure. This is some 
new justification of Born-Infeld ideas. The suggested models may 
be applied in nonlinear elasticity and in mechanics of relativistic 
continua with microstructure. They provide also some alternative 
models of gravitation theory. There exists also some interesting 
relationship with the theory of nonlinear integrable lattices. 

Keywords: nonlinearity, symmetry, non-perturbative models, 
affine invariance, Born-Infeld nonlinearity, affinely-rigid bodies, 
relativistic structured continua, internal degrees of freedom. 
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